Abstract. A nonholonomic space is a smooth manifold equipped with a bracket generating family of vector fields. Its infinitesimal version is a homogeneous space of a nilpotent Lie group endowed with a dilation which measures the anisotropy of the space. We give an intrinsic construction of these infinitesimal objects and classify all rigid (i.e. not deformable) cases.
Introduction
Let M be a (C ∞ ) smooth connected n-dimensional manifold and F ⊂ Vec M a set of smooth vector fields on M . Given q ∈ M and an integer l > 0 we set = T q M . The minimum among these m q is called the degree of nonholonomy of F at q. The set F is called bracket generating if it is bracket generating at every point.
We treat the pair (M, F ) as a "nonholonomic space", i.e. we assume that information propagates in M only along the integral curves of fields from F and the concatenations of these curves. If F is bracket generating, then any point of M is "reachable" from any other, i.e. points can be connected by an admissible curve. This is the Rashevskii-Chow theorem [5, 7] . Actually, one can derive more from this theorem. Let t → e tf be the (local) one-parameter subgroup of diffeomorphisms generated by a vector field f ∈ F so that t → e tf (q), q ∈ M , are integral trajectories of f . The natural "nonholonomic topology" is the strongest topology on M such that the mappings
are continuous. It follows from the arguments of Rashevskii and Chow that this nonholonomic topology coincides with the standard topology on M . Thus, the nonholonomic space (M, F ) is homeomorphic to the manifold M , but Analysis and Geometry on (M, F ) are very different from those on M . The main difference comes from the anisotropy of nonholonomic spaces: information propagates in all directions but with very different rates. In this note we focus on tangent spaces to nonholonomic spaces. Let q ∈ M ; we denote by T F q M the nonholonomic tangent space at q to be defined. We should make some remarks before we go to its construction, since this kind of spaces, burdened by extraneous structures, already appeared in various contexts. First of all, the nonholonomic tangent functor is a generalization of the usual one: if F = Vec M then T F q M coincides with T q M . Actually the tangent space T F q M is homeomorphic to R n for any bracket generating F . Moreover, T F q M is a homogeneous space of a nilpotent Lie group, but in general, it has no intrinsic linear structure. On the other hand, it is intrinsically equipped with a canonical dilation which measures the anisotropy of the space.
Sub-Riemannian context. Assume that F is the space of sections of a vector subbundle of T M (a vector distribution) and that M is endowed with a Riemannian structure. The Carnot-Caratheodory distance between two points in M is defined to be the infimum of all the lengths of admissible curves connecting these points. It is well known that the Carnot-Caratheodory metric spaces admit tangent metric spaces in the Gromov-Hausdorff sense. These tangent spaces are homeomorphic to R n and their metrics are homogeneous with respect to certain dilations (see [3] for details). It turns out that the space and the dilation are defined independently on any metric and just represent T F q M . Other contexts are mathematical control theory and hypoelliptic operators. Nonholonomic tangent functors appear here via nilpotent or graded approximations of the anisotropic objects to be studied (see [1, 2, 4, 6, 8, 9, 10] ). The cited papers contain effective constructions and algorithms which allow one to compute things explicitly. A weak point of these constructions is their heavy dependence on the choice of coordinates. Because of that, the approximation looks like an auxiliary technical tool rather than a fundamental functorial operation; the geometric insight and the application of geometric machinery are highly impeded.
In this paper we introduce the nonholonomic tangent functor which performs the above-mentioned graded approximation in a natural coordinate-free way and demonstrates the intrinsic meaning of the dilation. One more goal of the paper is to classify all "rigid" cases. What does "rigid" mean? Obviously, T F q M depends only on the germ of F at q. Moreover, it depends only on the module generated by F over the algebra of germs at q of smooth scalar functions. Assume that this module 
R
n . In this paper we completely characterize the rigid bidimensions and, for each rigid bidimension, we indicate the number of different (up to isomorphism) T
n . It turns out that this number can only be 1, 2, or 3. Normal forms and proofs will be given in a forthcoming long paper.
Tangent functor
A flow in M is a one-parameter family of diffeomorphisms P t ∈ Diff M satisfying the condition P 0 = id. The set of flows is a group with respect to pointwise composition: the product of P t andP t is the flow t → P t •P t . Let q ∈ M . The tangent space T q M consists of 1-jets at 0 of smooth curves γ(t) in M such that γ(0) = q. To construct the nonholonomic tangent space T F q M we need jets of order m q , where m q is the degree of nonholonomy of F at q. The group of flows naturally acts on the space of smooth curves starting from q: the flow P t sends the curve γ(t) to the curve P . (γ) : t → P t (γ(t)). Of course, for any positive integer l, the l-jet at 0 of P . (γ) depends only on P t and on the l-jet of γ. We thus obtain the action of the group of flows on the space C l q of l-jets of smooth curves in M starting from q. We keep the notation q for the constant curve γ(t) ≡ q and its jets; indeed, the trajectory t → P t (q) of the flow P t is the image of the constant curve under the natural action. The canonical dilation
is induced by the standard dilation δ α on the space of smooth curves: (δ α γ)(t) = γ(αt) for any curve γ.
We denote by
where f ∈ Vec M . Let P l,F be the group of transformations generated by δ 
Then the image of the group homomorphism D is the dilation group {δ α : α = 0}.
We denote by O l,F ⊂ C l q the orbit of the jet q under the action of the group P l,F . Let us also consider the normal subgroup P and induces a mapping on the quotient spaces. We keep the symbol π l for the induced mapping so that
M is a fiber bundle with fiber ∆ Obviously, f → T F q f is a homomorphism of Lie algebras of vector fields; the group T q P F is generated by the dilation and the one-parameter subgroups e 
by F , and let ı : F →F be the identity inclusion.
Then ı * :
Remark. The last proposition states that nonholonomic tangent spaces depend on the submodule of Vec M generated by F rather than on F itself. In fact, from the very beginning of the paper, we could deal with submodules of Vec M instead of subsets. This approach would provide slightly more general functorial properties, but the whole construction would become even more dry and abstract than it is now. Anyway, the algebraically trained reader will easily recover the missing functorial properties.
Coordinate presentation
Given nonnegative integers k 1 , . . . , k l , where
Every vector x ∈ R n can be written as
A differential operator on R n with smooth coefficients has the form α a α (x)
The space of all differential operators with smooth coefficients is an associative algebra with composition of operators as multiplication. The set of differential operators with polynomial coefficients is a subalgebra of this algebra with generators 1, x ij , ∂ ∂xij , i = 1, . . . , l, j = 1, . . . , k i . We introduce a Z-grading of this subalgebra by assigning weights ν to the generators: ν(1) = 0, ν(x ij ) = i, and ν( The most important for us are the differential operators of order 0 (functions) and of order 1 (vector fields). We have homogeneous function a and vector fields g, g 1 , g 2 . A differential operator of order N has weight at least −N l; in particular, the weight of a nonzero vector field is at least −l. Vector fields of nonnegative weights vanish at 0 while the values at 0 of fields of weight −i belong to the subspace R ki , the ith term in the presentation
The ν-homogeneity means homogeneity with respect to this dilation. In particular, we have that a( , where g (m) is a ν-homogeneous field of weight m. This expansion enables us to introduce a decreasing filtration in the Lie algebra of smooth vector fields Vec R n by putting
It is easy to see that
It happens that this class of filtrations is in a sense universal. The following theorem is a special case of the general results proved in [2, 4] .
A mapping χ : O q → R n which satisfies the hypothesis of the above theorem is called an adapted coordinate map for F . All constructions have a simple explicit presentation in adapted coordinates. Unfortunately, an adapted coordinate map for a given F is far from being unique and it is not clear how to select a canonical one.
In any coordinates, the l-jet of a curve is identified with its degree l Taylor polynomial. In particular,
Proposition 3.2. Let χ be an adapted coordinate map for F ; then
The proof of this proposition is based on the expansions
where Id (x) ≡ x, x ∈ R n , and on the fact that all ν-homogeneous functions of positive weight vanish at 0. Proposition 2.3 implies the identification of T
f is identified with t(χ * (f )) (−1) . In particular, the fields T 
Regularity and rigidity
In general, the nilpotent Lie algebra generated by the fields T 
, generate a 4-dimensional Lie algebra. This phenomenon does not occur in the so-called regular case, first studied by Vershik and Gershkovich (see [8, 9, 10] ).
Definition. We say that
Let F be regular at q and dim ∆ 
By the regularity of F at q, one can select vector fields from the collection for all q close enough to q 0 . With these bases in hand we easily obtain the following well-known fact: 
Recall that Lie{T

1). The quotient of T q P
F by this subgroup is the dilation. We thus have a transitive action of the n-dimensional nilpotent Lie group generated by the Lie algebra Lie q F on
n and has the "origin" (the jet of the constant curve q), we obtain a canonical isomorphism of T Definitions of rigidity and of rigid bidimensions were given in the Introduction (isomorphism in this case means just Lie group isomorphism). In the next theorem we list all rigid bidimensions. It is convenient to give special names to some infinite series of bidimensions. 
